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Understanding the role of correlations in quantum systems is both a fundamental challenge as well
as of high practical relevance for the control of multi-particle quantum systems. Whereas a lot of
research has been devoted to study the various types of correlations that can be present in the states
of quantum systems, in this work we introduce a general and rigorous method to quantify the amount
of correlations in the dynamics of quantum systems. Using a resource-theoretical approach, we
introduce a suitable quantifier and characterize the properties of correlated dynamics. Furthermore,
we benchmark our method by applying it to the paradigmatic case of two atoms weakly coupled to
the electromagnetic radiation field, and illustrate its potential use to detect and assess spatial noise
correlations in quantum computing architectures.
I. INTRODUCTION
Quantum systems can display a wide variety of dy-
namical behaviors, in particular depending on how the
system is affected by its coupling to the surrounding en-
vironment. One interesting feature which has attracted
much attention is the presence of memory effects (non-
Markovianity) in the time evolution. These typically
arise for strong enough coupling between the system
and its environment, or when the environment is struc-
tured, such that the assumptions of the well-known weak-
coupling limit [1–3] are no longer valid. Whereas memory
effects (or time correlations) can be present in any quan-
tum system exposed to noise, another extremely relevant
feature, which we will focus on in this work, are correla-
tions in the dynamics of different parts of multi-partite
quantum systems. Since different parties of a partition
are commonly, though not always, identified with differ-
ent places in space, without loss of generality we will in
the following refer to these correlations between different
subsystems of a larger system as spatial correlations.
Spatial correlations in the dynamics give rise to a wide
plethora of interesting phenomena ranging from super-
radiance [4] and super-decoherence [5] to sub-radiance [6]
and decoherence-free subspaces [7–11]. Moreover, clari-
fying the role of spatial correlations in the performance of
a large variety of quantum processes, such as e.g. quan-
tum error correction [12–17], photosynthesis and excita-
tion transfer [18–28], dissipative phase transitions [29–33]
and quantum metrology [34] has been and still is an ac-
tive area of research.
Along the last few years, numerous works have aimed
at quantifying up to which extent quantum dynamics de-
viates from the Markovian behavior, see e.g. [35–43].
However, much less attention has been paid to develop
quantifiers of spatial correlations in the dynamics, al-
though some works e.g. [44, 45] have addressed this
issue for some specific models. This may be partially
due to the well-known fact that under many, though not
all practical circumstances, dynamical correlations can
be detected by studying the time evolution of correla-
tion functions of properly chosen observables OA and
OB , acting respectively on the two parties A and B of
interest. For instance, in the context of quantum com-
puting, sophisticated methods to witness the correlated
character of quantum dynamics, have been developed and
implemented in the laboratory [45]. Indeed, any corre-
lation C(OA,OB) = 〈OA ⊗ OB〉 − 〈OA〉〈OB〉 detected
during the time evolution of an initial product state,
ρ = ρA⊗ρB , witnesses the correlated character of the dy-
namics. However, note that there exist highly correlated
dynamics, which cannot be realized by a combination of
local processes, which do not generate any such corre-
lation, e.g. the swap process between two parties. Such
dynamics can either act on internal degrees of freedom,
induced e.g. by the action of a swap gate acting on two
qubits [46], or can correspond to (unwanted) external dy-
namics, caused e.g. by correlated hopping of atoms in an
optical lattice [47, 48] or crystal melting and subsequent
recooling dynamics in trapped-ion architectures [49].
Thus, it is of eminent importance to develop methods
which allow us to detect the presence or absence of spatial
correlations in the dynamics, without a priori knowledge
of the underlying microscopic dynamics, and do not re-
quire us to resort to adequately chosen “test” observables
and initial “test” quantum states. Such methods should
furthermore provide a rigorous ground to quantitatively
compare the amount of spatial correlations in different
dynamical processes. These characteristics are essential
for a “good” correlation quantifier that can be used to
study spatial correlations in quantum dynamics from a
fundamental point of view [50–52], to clarify their role
in physical processes [12–34], as well as to measure and
quantify spatial correlations in the dynamics of experi-
mental quantum systems.
It is the aim of this work to introduce a method to
quantify the degree of correlation in general quantum dy-
namics from a fundamental view point. Specifically,
i) we propose a theoretical framework and formulate a
general measure to assess the amount of spatial corre-
lations of quantum dynamics without resorting to any
specific physical model. To this end, we adopt a resource
theory approach, and formulate a fundamental law that
any faithful measure must satisfy.
ii) Within this framework, we study the properties that
a dynamics has to fulfill to be considered as maximally
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2correlated.
iii) We apply our measure to the paradigmatic quantum-
optical model of two two-level atoms radiating into the
electromagnetic vacuum. This case exemplifies the work-
ing principle of our measure and quantitatively confirms
the expectation that spatial dynamical correlations decay
with increasing interatomic distance and for long times.
iv) Finally, we illustrate this formalism with a second ex-
ample in the context of quantum computing, where quan-
tum error correction protocols rely on certain assump-
tions on (typically sufficiently small) noise strengths and
noise correlations. Specifically, we consider two qubits
subject to local thermal baths that suffer some resid-
ual interaction which induces a correlated noisy dynam-
ics. Our method reveals the remarkable fact that, under
keeping the overall error probability for the two qubits
constant, the degree of spatial correlations decays very
rapidly as the bath temperature increases. This suggests
that, in some situations, noise addition as e.g. by a mod-
erate increase of the environmental temperature, can be
beneficial to tailor specific desired noise characteristics.
II. MEASURE OF CORRELATIONS FOR
DYNAMICS
A. Uncorrelated Dynamics
Let us consider a bipartite quantum system S = AB
undergoing some dynamics given by a completely posi-
tive and trace preserving (CPT) map ES [without loss of
generality we shall assume dim(HA) = dim(HB) = d and
so dS := dim(HS) = d2]. This dynamics is said to be
uncorrelated with respect to the subsystems A and B if
it can be decomposed as ES = EA ⊗ EB, with CPT maps
EA and EB acting on A and B, respectively. Otherwise it
is said to be correlated.
The central tool of our construction is the Choi-
Jamio lkowski isomorphism [53, 54], which provides a one-
to-one map of a given quantum dynamics to an equiva-
lent representation in the form of a quantum state in
an enlarged Hilbert space. This mapping allows us to
use tools developed for the quantification of correlations
in quantum states for our purpose of quantifying cor-
relations in quantum dynamics. Thus, consider a sec-
ond d2−dimensional bipartite system S′ = A′B′, and let
|ΦSS′〉 be the maximally entangled state between S and
S′,
|ΦSS′〉 := 1
d
d2∑
j=1
|jj〉SS′ =
1
d
d∑
k,`=1
|k`〉AB ⊗ |k`〉A′B′ . (1)
Here, |j〉 denotes the state vector with 1 at the j-th po-
sition and zero elsewhere (canonical basis). The Choi-
Jamio lkowki representation of some CPT map ES on S is
given by the d4−dimensional state
ρCJS := ES ⊗ 1S′(|ΦSS′〉 〈ΦSS′ |), (2)
FIG. 1: Schematics of the method. Left: the system S is pre-
pared in a maximally entangled state |ΦSS′〉 with the auxiliary
system S′ [this state is just a product of maximally entangled
states between AA′ and BB′, see Eq. (1)]. Middle: the sys-
tem undergoes some dynamics ES. Right: if and only if this
process is correlated with respect to A and B, the total sys-
tem SS′ becomes correlated with respect to the bipartition
AA′|BB′ and the degree of correlation can be measured by
the normalized mutual information, Eq. (3).
where 1S′ denotes the identity map acting on S
′. The en-
tire information about the dynamical process ES is con-
tained in this unique state.
B. Construction of the correlation measure
In order to formulate a faithful measure of spatial cor-
relations for dynamics, we adopt a resource theory ap-
proach [55–62]. This is, we may consider correlated dy-
namics as a resource to perform whatever task that can-
not be implemented solely by (composing) uncorrelated
evolutions EA ⊗ EB. Then, suppose that the system S
undergoes some dynamics given by the map ES, and con-
sider the (left and right) composition of ES with some un-
correlated maps LA⊗LB and RA⊗RB, so that the total
dynamics is given by E ′S = (LA ⊗LB)ES(RA ⊗RB). It is
clear that any task that we can do with E ′S by composition
with uncorrelated maps can also be achieved with ES by
composition with uncorrelated maps. Hence, we assert
that the amount of correlation in ES is at least as large
as in E ′S. In other words, the amount of correlations of
some dynamics does not increase under composition with
uncorrelated dynamics. This is the fundamental law of
this resource theory, and any faithful measure of corre-
lations should satisfy it. For the sake of comparison, in
the resource theory of entanglement, entanglement is the
resource, and the fundamental law is that entanglement
cannot increase under application of local operations and
classical communication (LOCC) [55].
In this spirit, we introduce a measure of correlations
for dynamics via the (normalized) quantum mutual in-
3formation of the Choi-Jamio lkowski state ρCJS , Eq. (2),
I¯(ES) := I(ρ
CJ
S )
4 log d
(3)
:=
1
4 log d
[
S
(
ρCJS |AA′
)
+ S
(
ρCJS |BB′
)− S (ρCJS )] ,
with S(·) := −Tr[(·) log(·)] the von Neumann entropy
evaluated for the reduced density operators ρCJS |AA′ :=
TrBB′(ρ
CJ
S ) and ρ
CJ
S |BB′ := TrAA′(ρCJS ), and ρCJS ; see Fig.
1. The quantity I¯(ES) is a faithful measure of how cor-
related the dynamics given by ES is, as it satisfies the
following properties:
i) I¯(ES) = 0 if and only if ES is uncorrelated, ES =
EA ⊗ EB. This follows from the fact that the
Choi-Jamio lkowski state of an uncorrelated map
is a product state with respect to the bipartition
AA′|BB′, see Appendix A.
ii) I¯(ES) ∈ [0, 1]. It is clear that I¯(ES) ≥ 0, moreover it
reaches its maximum value when S(ρCJS ) is minimal
and S
(
ρCJS |AA′
)
+ S
(
ρCJS |BB′
)
is maximal. Both
conditions meet when ρCJS is a maximally entan-
gled state with respect to the bipartition AA′|BB′,
leading to I(ρCJS ) = 2 log d
2.
iii) The fundamental law is satisfied,
I¯(ES) ≥ I¯[(LA ⊗ LB)ES(RA ⊗RB)], (4)
where the equality is reached for uncorrelated uni-
taries LA(·) = UA(·)U†A, LB(·) = UB(·)U†B, RA(·) =
VA(·)V †A, and RB(·) = VB(·)V †B. This result follows
from the monotonicity of the quantum mutual in-
formation under local CPT maps (which in turn
follows from the monotonicity of quantum relative
entropy [63]) and the fact that for any matrix A,
A ⊗ 1S′ |ΦSS′〉 = 1S ⊗ At |ΦSS′〉 where the super-
script “t” denotes the transposition in the Schmidt
basis of the maximally entangled state |ΦSS′〉.
C. Maximally correlated dynamics
Before computing I¯ for some cases it is worth studying
which dynamics achieve the maximum value I¯max = 1.
From the resource theory point of view, these dynam-
ics can be considered as maximally correlated since they
cannot be constructed from other maps by composition
with uncorrelated maps [because of Eq. (4)]. We have
the following results:
Theorem 1. If for a map ES the property I¯(ES) = 1 holds,
such map must be unitary ES(·) = US(·)U†S , USU†S = 1.
Proof. As aforementioned, the maximum value, I¯(ES) =
1, is reached if and only if ρCJS is a maximally en-
tangled state with respect to the bipartition AA′|BB′,
|Ψ(AA′)|(BB′)〉. Then
ES⊗1S′(|ΦSS′〉 〈ΦSS′ |) = |Ψ(AA′)|(BB′)〉〈Ψ(AA′)|(BB′)| (5)
is a pure state. Therefore ES must be unitary as the Choi-
Jamio lkowski state is pure if and only if it represents a
unitary map.
Despite the connection with maximally entangled
states, the set of maximally correlated operations C :=
{US; I¯(US) = 1}, can not be so straightforwardly charac-
terized as it may seem. Note that not all maximally en-
tangled states |Ψ(AA′)|(BB′)〉 are valid Choi-Jamio lkowski
states. In Appendix B we provide a detailed proof of the
next theorem.
Theorem 2. A unitary map US ∈ C if and only if it fulfills
the equation
∑
i,j
〈ki|US|mj〉〈nj|U†S |`i〉 = δk`δmn. (6)
Examples of maximally correlated dynamics are the
swap operation exchanging the states of the two parties
A and B, US = UA↔B, and thus also any unitary of
the form of (UA ⊗ UB)UA↔B(VA ⊗ VB). However, not
every US ∈ C falls into this class. For example, the uni-
tary operation of two qubits U ′S = |21〉〈12|+ i(|11〉〈21|+
|12〉〈11| + |22〉〈22|) belongs to C and it cannot be writ-
ten as (UA⊗UB)UA↔B(VA⊗VB), since that would imply
vanishing I¯(U ′SUA↔B) whereas I¯(U
′
SUA↔B) = 1/2 6= 0.
Interestingly, operations able to create highly correlated
states such as the two-qubit controlled-NOT gate [46]
as well as the two-qubit dynamical maps describing the
dissipative generation of Bell states [64, 65] achieve a
correlation value of 1/2 and thus do not correspond
to maximally correlated dynamics. Note that whereas
a controlled-NOT gate creates for appropriately chosen
two-qubit initial states maximally entangled states, there
are other states which are left completely uncorrelated
under its action. The measure I¯ captures - completely
independently of initial states and of whether possibly
created correlations are quantum or classical - the fact
that correlated dynamics cannot be realized by purely
local dynamics.
Let us point out that in some resource theories, such as
bi-partite entanglement, the maximal element can gener-
ate any other element by applying the operations which
fulfill its fundamental law, e.g. LOCC. This is not the
case here, i.e. maximally correlated evolutions cannot
generate any arbitrary dynamics by composition with un-
correlated operations. Indeed, if EmaxS were able to gener-
ate any other dynamics, in particular it would be able to
generate any unitary evolution US, (LA⊗LB)EmaxS (RA⊗
RB)(·) = US(·)U†S . However, this would imply thatLA ⊗ LB, EmaxS and (RA ⊗ RB) are unitary evolutions
as well, so that (UA ⊗ UB)UmaxS (VA ⊗ VB) = US, with
EmaxS (·) = UmaxS (·)Umax†S . Since I¯(ES) is invariant un-
der the composition of uncorrelated unitaries, this result
would imply that for any correlated unitary US, I¯(US)
would take the same value [I¯(UmaxS )], and this is not true
as can be easily checked.
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FIG. 2: Maximum value of I¯ as a function of the distance r for
two two-level atoms radiating in the electromagnetic vacuum.
As expected, the amount of correlations in the dynamics de-
creases with r. In the inset, I¯ is represented as a function of
time for different distances r between atoms (ω = |d|/2 = 1,
θ = 0, see Appendix C).
III. APPLICATIONS
A. Two-level atoms in the electromagnetic vacuum
To illustrate the behavior of I¯(ES), consider the
paradigmatic example of two identical two-level atoms
with transition frequency ω interacting with the vacuum
of the electromagnetic radiation field (see Appendix C).
Under a series of standard approximations, the dynamics
of the reduced density matrix of the atoms ρS is described
by the master equation
dρS
dt
= L(ρS) =− iω2 [σz1 + σz2 , ρS] (7)
+
∑
j,k=1,2
ajk
(
σ−k ρSσ
+
j − 12{σ+j σ−k , ρS}
)
,
where σzj is the Pauli z-matrix for the j-th atom, and
σ+j = (σ
−
j )
† = |e〉j〈g| the electronic raising and lowering
operators, describing transitions between the exited |e〉j
and ground |g〉j states. The coefficients ajk depend on
the spatial separation r between the atoms. In the limit
of r  1/ω they reduce to ajk ' γ0δjk, whereas for r 
1/ω they take the form ajk ' γ0. Here γ0 is the decay
rate of the individual transition between |e〉 and |g〉. In
the first regime the two-level atoms interact effectively
with independent environments, while in the second, the
transitions are collective and lead to the Dicke model of
super-radiance [4].
To quantitatively assess this behavior of uncorre-
lated/correlated dynamics as a function of r, we compute
the measure of correlations I¯, Eq. (3) (see Appendix C
for details). The results are shown in Fig. 2. Despite
the fact that the value of I¯ depends on time (the dy-
namical map is ES = etL), I¯ decreases as r increases, as
expected. Furthermore, the value of I¯ approaches zero
for t large enough (see inset plot), except in the limiting
case r = 0, because for r 6= 0 the dynamics becomes un-
correlated in the asymptotic limit, limt→∞ etL = E ⊗ E ,
where E(·) = K1(·)K†1 + K2(·)K†2 with Kraus opera-
tors K1 =
(
0 0
1 0
)
and K2 =
(
0 0
0 1
)
; however for r = 0,
limt→∞ etL is a correlated map. Thus, we obtain perfect
agreement between the rigorous measure of correlations
I¯ and the physically expected behavior of two distant
atoms undergoing independent noise.
B. Spatial noise correlations in quantum
computing
Fault-tolerant quantum computing is predicted to be
achievable provided that detrimental noise is sufficiently
weak and not too strongly correlated [66]. However, even
if noise correlations decay sufficiently fast in space, as-
sociated (provable) bounds for the accuracy threshold
values can decrease by several orders of magnitude as
compared to uncorrelated noise [14]. Thus, it is of both
fundamental and practical importance [45] to be able
to detect, quantify and possibly reduce without a priori
knowledge of the underlying microscopic dynamics the
amount of correlated noise. Here, we exemplify how the
proposed measure can be employed in this context by ap-
plying it to a simple, though paradigmatic model system
of two representative qubits from a larger qubit register.
We assume that the qubits are exposed to local thermal
(bosonic) baths, such as realized e.g. by coupling distant
atomic qubits to the surrounding electromagnetic radia-
tion field, and that they interact via a weak ZZ-coupling,
which could be caused, e.g., by undesired residual dipolar
or van-der-Waals type interactions between the atoms.
The “error” dynamics of this system is described by the
master equation
dρS
dt
= L(ρS) =− i[ω2 (σz1 + σz2) + Jσz1σz2 , ρS] (8)
+
∑
j=1,2
γ0(n¯+ 1)
(
σ−j ρSσ
+
j − 12{σ+j σ−j , ρS}
)
+
∑
j=1,2
γ0n¯
(
σ+j ρSσ
−
j − 12{σ−j σ+j , ρS}
)
,
where ω is the energy difference between the qubit states,
J the strength of the residual Hamiltonian coupling, γ0
is again the decay rate between upper and lower energy
level of each individual qubit and n¯ = [exp(ω/T ) − 1]−1
is mean number of bosons with frequency ω in the two
local baths of temperature T (assumed to be equal).
We assume J and γ0 to be out of our control and aim at
studying the spatial correlations of the errors induced by
the interplay of the residual ZZ-coupling and the baths as
a function of the bath temperature T and elapsed time t,
which in the present context might be interpreted as the
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FIG. 3: Amount of spatial correlations I¯ along the t–T line
corresponding to constant error probability Perror = 0.1. We
see the rapid decreasing of I¯ as T increases (J = 1 and γ0 =
4/3 in units of ω). The inset shows t–T isolines for various
values of the error probability Perror, which increases with
both t and T .
time for executing one round of quantum error correction
[66, 67]. Since the overall probability that some error oc-
curs on the two qubits will increase under increasing t
and T , we need to fix it for a fair assessment of the cor-
relation of the dynamics. A natural way to do this is by
defining the error probability in terms of how close the
dynamical map induced by Eq. (8) [excluding the term
ω
2 (σ
z
1 + σ
z
2), as this is not considered a source of error] is
to the identity map (the case of no errors). Particularly,
we can use the fidelity between both Choi-Jamio lkowski
states, ρCJS for the “error” map and |ΦSS′〉 for the iden-
tity map, Perror = 1−
√
〈ΦSS′ |ρCJS |ΦSS′〉. Figure 3 shows
the value of amount of dynamical correlations as mea-
sured by I¯ along a t-T line on which the error proba-
bility is constant (Perror = 0.1, green line in the inset
plot). The numerical data shows, despite this fixing of
the overall error rate, that as the temperature increases
the correlatedness of errors decreases very rapidly. This
remarkable result suggests that by increasing the effec-
tive, surrounding temperature one can strongly decrease
the non-local character of the noise at the expense of a
slightly higher error rate per fixed time t, or constant er-
ror rates if the time t for an error correction round can be
reduced. Thus, the proposed quantifier might prove use-
ful to meet and certify in a given physical architecture the
noise levels and noise correlation characteristics which are
required to reach the regime where fault-tolerant scalable
quantum computing becomes feasible in practice.
IV. CONCLUSION
In this work, we have formulated a general measure
for the spatial correlations of quantum dynamics with-
out restriction to any specific model. To that aim we
have adopted a resource theory approach and obtained
a fundamental law that any faithful quantifier of spa-
tial correlation must satisfy. We have characterized the
maximally correlated dynamics, and applied our mea-
sure to the paradigmatic example of two atoms radiating
in the electromagnetic field, where spatial correlations
are naturally related to the separation between atoms.
Furthermore, we have illustrated the applicability of the
measure in the context of quantum computing, where it
can be employed to quantify and potentially control spa-
tial noise correlations without a priori knowledge of the
underlying dynamics.
Beyond the scope of this work it will be interesting
from a fundamental point of view to study how many
independent (up to local unitaries) maximally correlated
dynamics there are, and how to deal with the case of
multi-partite or infinite dimensional systems. From a
practical point of view, it is also interesting to develop
efficient methods to estimate the proposed measure, in
particular in high-dimensional quantum systems, e.g. by
the construction of witnesses or bounds, in analogy to
entanglement estimators [68] that have been developed
based on the resource theory of entanglement. In this
regard, it is our hope that the present results provide a
useful tool to study rigorously the role of spatial corre-
lations in a variety of physical processes, including noise
assisted transport, quantum computing and dissipative
phase transitions.
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Appendix A: Choi-Jamio lkowski state of
uncorrelated maps
First of all, let UB↔A′ be the commutation matrix (or
unitary swap operation) [69, 70] between Hilbert sub-
spaces HB and HA′ of the total Hilbert space HA⊗HB⊗
HA′ ⊗HB′ :
UB↔A′ (M1 ⊗M2 ⊗M3 ⊗M4)U†B↔A′ (A1)
= M1 ⊗M3 ⊗M2 ⊗M4. (A2)
6where M1, M2, M3 and M4 are operators acting on the
respective Hilbert subspaces in the decomposition HA ⊗
HB ⊗ HA′ ⊗ HB′ . This is, M1 acts on HA, M4 on HB′ ,
and M2 and M3 act on HB and HA′ on the left hand
side and on HA′ and HB on the right hand side of the
equality respectively. Note that UB↔A′UB↔A′ = 1 and
then UB↔A′ = U
†
B↔A′ .
Now, it turns out that the evolution given by some
dynamical map ES is uncorrelated with respect to the
subsystems A and B, ES = EA ⊗ EB, if and only if its
Choi-Jamio lkowski state ρCJS := ES⊗1S′(|ΦSS′〉 〈ΦSS′ |) is
ρCJS = UB↔A′
(
ρCJA ⊗ ρCJB
)
UB↔A′ , (A3)
where ρCJA and ρ
CJ
B are the Choi-Jamio lkowski states of
the maps EA and EB, respectively.
Indeed, if ES = EA ⊗ EB, we have (omitting for the
sake of clarity the subindexes in the basis expansion of
|ΦSS′〉):
ρCJS = ES ⊗ 1S′(|ΦSS′〉 〈ΦSS′ |) =
1
d2
d∑
k,`,m,n=1
ES (|k`〉〈mn|)⊗ |k`〉〈mn|
=
1
d2
d∑
k,`,m,n=1
EA (|k〉〈m|)⊗ EB (|`〉〈n|)⊗ |k`〉〈mn|, (A4)
then
UB↔A′ρCJS UB↔A′ =
1
d2
d∑
k,`,m,n=1
EA(|k〉〈m|)⊗ |k〉〈m| ⊗ EB(|`〉〈n|)⊗ |`〉〈n|
=
1
d
d∑
k,m=1
EA ⊗ 1(|kk〉〈mm|)⊗ 1
d
d∑
`,n=1
EB ⊗ 1(|``〉〈nn|)
= ρCJA ⊗ ρCJB . (A5)
Conversely, if Eq. (A3) holds, then the dynamics has
to be uncorrelated because the correspondence between
Choi-Jamio lkowski states and dynamical maps is one-to-
one.
From Eq. (A3) it is straightforward to conclude that
I¯(ES) = 0 if and only if ES is uncorrelated, because
the von Neumann entropy of the Choi-Jami lkowski state
factorizes S(ρCJS ) = S
[
UB↔A′
(
ρCJA ⊗ ρCJB
)
UB↔A′
]
=
S
(
ρCJA ⊗ ρCJB
)
= S
(
ρCJA
)
+ S
(
ρCJB
)
if and only if ES is
uncorrelated.
Appendix B: Proof of Theorem 2
As commented in section II C, US ∈ C if∣∣Ψ(AA′)|(BB′)〉 = US ⊗ 1|ΦSS′〉, (B1)
where
∣∣Ψ(AA′)|(BB′)〉 is a maximally entangled state
with respect to the bipartition AA′|BB′. Note that if∣∣Ψ(AA′)|(BB′)〉 is a maximally entangled state with re-
spect to the bipartition AA′|BB′, UB↔A′
∣∣Ψ(AA′)|(BB′)〉
will be a maximally entangled state state with respect
to the bipartition AB|A′B′ = S|S′. Since any maximally
entangled state with respect to the bipartition S|S′ can
be written as U˜S ⊗ U˜S′ |ΦSS′〉 for some local unitaries U˜S
and U˜S′ , we can write
UB↔A′
∣∣Ψ(AA′)|(BB′)〉 = U˜S ⊗ U˜S′ |ΦSS′〉. (B2)
Because of Eqs. (B1) and (B2) we conclude that US ∈ C
if and only if there exist unitaries U˜S and U˜S′ such that
US ⊗ 1S′ |ΦSS′〉 = UB↔A′(U˜S ⊗ U˜S′)|ΦSS′〉. (B3)
Next, we prove the following
Lemma. A unitary map US ∈ C if and only if there exists
some other unitary V such that the matrix elements of
US can be written as
〈k`|US|mn〉 = 〈km|V |`n〉. (B4)
Proof. If US ∈ C, then by taking inner product with re-
spect to the basis element |k`mn〉 in Eq. (B3) we obtain:
〈k`|US|mn〉 = d〈km`n|U˜S ⊗ U˜S′ |ΦSS′〉
= 〈km|U˜SU˜ tS′ |`n〉 = 〈km|V |`n〉, (B5)
for V = U˜SU˜
t
S′ . Here we have used that A⊗ 1S′ |ΦSS′〉 =
1S ⊗ At |ΦSS′〉 where the superscript “t” denotes the
7transposition in the Schmidt basis of the maximally en-
tangled state |ΦSS′〉, which has been taken to be the
canonical basis here.
Conversely, assume that there exists a unitary V sat-
isfying (B4). As V can always be decomposed as the
product of two unitaries, V = V1V2, by setting U˜S = V1
and U˜ tS′ = V2, the same algebra as in Eq. (B5) leads us
to rewrite Eq. (B4) as
〈k`mn|US ⊗ 1S′ |ΦSS′〉 = 〈k`mn|UB↔A′U˜S ⊗ U˜S′ |ΦSS′〉.
(B6)
Since |k`mn〉 are elements of a basis we conclude that
Eq. (B3) holds.
With these results, the Theorem 2 is easy to prove.
Proof of Theorem 2. Note that for any unitary US, Eq.
(B4) is satisfied for some matrix V . Thus, what we have
to prove is that such a matrix V is unitary if and only if
US fulfills the equation∑
i,j
〈ki|US|mj〉〈nj|U†S |`i〉 = δk`δmn, (B7)
and this follows after a straightforward algebraic compu-
tation.
Appendix C: Two two-level atoms coupled to the
radiation field
The free Hamiltonian of the atoms is
HS =
ω
2
(σz1 + σ
z
2), (C1)
where σzj is the Pauli z-matrix for the j-th atom. In
addition, the environmental free Hamiltonian is given by
HE =
∑
k
∑
λ=1,2
ωka
†
λ(k)aλ(k), (C2)
where k and λ stand for the wave vector and the two
polarization degrees of freedom, respectively. We have
taken natural units ~ = c = 1. The dispersion relation
in the free space is ωk = |k|, and the field operators
a†λ(k) and aλ(k) describe the creation and annihilation
of photons with wave vector k and polarization vector
eλ. These fulfill k · eλ = 0 and eλ · eλ′ = δλ,λ′ .
The atom-field interaction is described in dipole ap-
proximation by the Hamiltonian
HSE = −
∑
j=1,2
[
σ−j d ·E(rj) + σ+j d∗ ·E(rj)
]
. (C3)
Here, d is the dipole matrix element of the atomic tran-
sition, rj denotes the position of the j-th atom, and
σ+j = (σ
−
j )
† = |e〉j〈g| for its exited |e〉j and ground |g〉j
states. Furthermore, the electric field operator is given
by (Gaussian units)
E(r) = i
∑
k,λ
√
2piωk
V eλ(k)
(
aλ(k)e
ik·r − a†λ(k)e−ik·r
)
,
(C4)
where V denotes the quantization volume. In the Marko-
vian weak coupling limit [1] the master equation for the
atoms takes the form:
dρS
dt
= L(ρS) =− iω2 [σz1 + σz2 , ρS] (C5)
+
∑
i,j=1,2
ajk
(
σ−k ρSσ
+
j − 12{σ+j σ−k , ρS}
)
,
where, after taking the continuum limit ( 1V
∑
k →
1
(2pi)3
∫
d3k) and performing the integrals, the coefficients
ajk are given by (sec. 3.7.5 of [1])
ajk = γ0[j0(xjk) + P2(cos θjk)j2(xjk)], (C6)
here γ0 =
4
3ω
3|d|2, and j0(x) and j2(x) are spherical
Bessel functions [71],
j0(x) =
sinx
x
, j2(x) =
(
3
x3
− 1
x
)
sinx− 3
x2
cosx,
(C7)
and
P2(cos θ) =
1
2
(3 cos2 θ − 1) (C8)
is a Legendre polynomial, with
xjk = ω|rj − rk|, and cos2(θjk) = |d · (rj − rk)|
2
|d|2|rj − rk|2 .
(C9)
Notice that if the distance between atoms r = |r1−r2|,
is much larger than the wavelength associated with the
atomic transition r  1/ω, we have ajk ' γ0δij and only
the diagonal terms γ0 =
4
3ω
3|d|2 are relevant. Then,
the master equation describes two-level atoms interact-
ing with independent environments, and there are no cor-
relations in the emission of photons by the first and the
second atom. In the opposite case, when r  1/ω, every
matrix element approaches the same value aij ' γ0, in
the master equation the atomic transitions can be ap-
proximately described by the collective jump operators
J± = σ±1 +σ
±
1 , and the pair of atoms becomes equivalent
to a four-level system with Hamiltonian ωJz =
ω
2 (σ
z
1+σ
z
2)
at the mean position (r1 − r2)/2 interacting with the
electromagnetic vacuum. This emission of photons in a
collective way known as super-radiance is effectively de-
scribed in terms of collective angular momentum opera-
tors in the Dicke model [4].
Evaluation of the correlation measure. In order
to numerically compute I¯ for this dynamics, we consider a
maximally entangled state |ΦSS′〉 between two sets S and
S′ of two qubits. Namely, S is the set of the two physical
qubits, i.e. the two two-level atoms 1 and 2, and S′ is
made up of two auxiliary qubits 1′ and 2′ as sketched in
Fig. 1. Next, the part S of the maximally entangled state
|ΦSS′〉〈ΦSS′ | is evolved according to the master equation
(C5) while keeping the part S′ constant, to obtain ρCJS (t).
This can be done, for instance, by numerically integrat-
ing the master equation
dρCJS (t)
dt = L⊗1[ρCJS (t)], with the
8initial condition ρCJS (0) = |ΨSS′〉〈ΨSS′ |, where L is for
the present example specified in Eq. (C5). Tracing out
the qubits 2 and 2′ of ρCJS (t) yields ρ
CJ
S (t)|11′ , and simi-
larly tracing out qubits 1 and 1′ yields ρCJS (t)|22′ . Finally,
this allows one to compute the von Neumann entropies
of ρCJS (t)|11′ , ρCJS (t)|22′ and ρCJS (t) to calculate I¯(t) ac-
cording to Eq. (3).
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